Abstract: Sequences of numbers abound in combinatorics whose generating functions are algebraic over the rational functions. Examples include Catalan and related numbers, numbers of words expressing an element in a free group, and diagonal coe cients of 2-variable rational generating functions (Furstenberg's theorem). Algebraicity is of of practical as well as theoretical interest, since it guarantees an e cient recurrence for computing coe cients. Using now-classic results of Sch utzenberger on formal languages we prove: Theorem. Let K be a eld and f(X 1 ; : : : ; X k ; Y 1 ; : : : ; Y k ) a rational power series in noncommmuting indeterminates. Then any coe cient of f(X 1 ; : : : ; X k ; X ?1 1 ; : : : ; X ?1 k ) converging w.r.t a given valuation on K is algebraic over K. Many algebraic generating functions, including those mentioned above are so as a consequence of this theorem; in particular it gives a new elementary proof of Furstenberg's theorem.
Introduction
Certain problems in enumerative combinatorics lead to generating functions which are algebraic formal power series, that is, power series F(x 1 ; : : : ; x n ) = X m 1 ;:::;mn f(m 1 ; : : : ; m n )x m 1 1 x mn n algebraic over the eld K(x 1 ; : : : ; x n ) of rational functions in the variables x i . Recent interest in algebraic generating functions 7] , 11] has been connected with the fact that there are e cient algorithms for computing the coe cients f(m 1 ; : : : ; m n ). Additionally, the minimal polynomial of F contains asymptotic information about these coe cients.
The object of this paper is to prove: Theorem 1. Let K be a eld with a rank 1 discrete valuation v; K v its completion with respect to the metric induced by v. Let f(X 1 ; : : : ; X k ; Y 1 ; : : : ; Y k ) be a rational power series over K in noncommuting indeterminates (de ntion below). Any coe cient of f(X 1 ; : : : ; X k ; X ?1 1 ; : : : ; X ?1 k ) converging in K v is algebraic over K.
(In generating function applications, K would typically be a eld of rational functions k(z) and K v the eld of formal Laurent series k((z)).)
Using Theorem 1 it can be seen, for instance, that the generating functions for Catalan and related numbers and for the number of words expressing an element in a free group are algebraic. Theorem 1 also implies the theorem of Furstenberg 5] that the diagonal of a rational power series in two (commutative) variables is algebraic; this gives a new non-analyic proof of Furstenberg's theorem, valid over any eld. These applications are developed below in Section 2, after appropriate de nitions.
In Section 3, we derive Theorem 1 from some results of Sch utzenberger on noncommutative formal power series 1], 2], 9], 10]. The derivation is straightforward, and Sch utzenberger's results can by now be considered classical in the theory of formal languages, so Theorem 1 should be regarded more as an application of an existing theory than as a new result. Nevertheless, the relevance of this aspect of formal language theory to enumerative combinatorics seems to have gone unnoticed until now.
De nitions and applications
Fix K, v, and K v as in Theorem 1.
Definition. Let X be the free monoid on X = fX 1 ; : : : ; X k ; Y 1 ; : : : ; Y k g, with unit element denoted by e. The ring of polynomials in the noncommuting indeterminates X is R pol (X) = KX . Completing R pol (X) in the usual way yields the ring R(X) of formal power series in the noncommuting indeterminates X.
Given a 2 R(X), w 2 X , let ha; wi denote the coe cient of w in a, so that a = Definition. The ring of rational formal power series in the noncommuting indeterminates X, R rat (X), is the smallest subring of R(X) containing R pol (X) and containing the inverse of each of its invertible elements.
The above de nitions make the meaning of Theorem 1 precise. Now let us draw some conclusions from the theorem. Here we work over the eld K = k(z) with valuation v de ning the eld of formal Laurent series K v = k((z)).
The coe cient of X 0 inH(X; X ?1 ) is easily seen to be D(z). Since this certainly converges in k((z)), it is algebraic over k(z) by Theorem 1.
A related proof, also valid in any characteristic, may be found in 3]. The next example illustrates the application of Theorem 1 to a combinatorially de ned power series.
Definition. The Catalan number C n is the number of balanced strings of n left and n right parentheses. The Catalan number generating function is G(x) = P n 0 C n x n .
Given any string of left and right parentheses, let us write down a word in the symbols X, U, X ?1 , U ?1 as follows: for each left parenthesis encountered, put X ?1 (U ?1 ) k , where k is an arbitraily chosen non-negative integer; for each right parenthesis put XU. One easily veri es, by induction on the length of the string, that the resulting word reduces to U n for some n if and only if (i) the parenthesis string is balanced, and (ii) for each left parenthesis encountered, the corresponding non-negative integer k was chosen to be the number of outermost parenthesis pairs intervening between that left parenthesis and its matching right parenthesis. If such is the case, n will be the number of outermost parenthesis pairs in the string. we nd that the generating function G(x; y) counting balanced strings by their length and their number of outermost pairs is algebraic (of course G(x; y) too can be computed directly).
As a nal application, we have:
Corollary 2.2. Let e n (k) be the number of words of length n in the symbols X 1 ; : : : ; X k ; X ?1 1 ; : : : ; X ?1 k which reduce to the identity in the free group generated by X 1 ; : : : ; X k . Then E k (x) = P n e n (k)x n is algebraic.
Proof. E k (x) is the constant term of
hence is algebraic by Theorem 1.
Proof of Theorem 1
The proof of Theorem 1 will be based on three propositions. First, some essential de nitions. We do not reproduce the proof, as it is somewhat lengthy. The essential point is that R rat (X) consists of the solutions of linear algebraic systems. It is possible to substitute the matrix of the linear system de ning a into the system de ning b to obtain a system de ning a b. Since this procedure is completely e ective, our proof Theorem 1 contains, in principle, an algorithm to compute a polynomial equation satis ed by the algebraic power series in the conclusion. 
